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Abstract. Local conformal transformations are known as a useful tool in
various applications of the gravitational theory, especially in cosmology. We de-
scribe some new aspects of these transformations, in particular using them for
derivation of Einstein equations for the cosmological and Schwarzschild metrics.
Furthermore, the conformal transformation is applied for the dimensional reduc-
tion of the Gauss-Bonnet topological invariant in d = 4 to the spaces of lower
dimensions.
1 Introduction
General Relativity (GR) is a successful relativistic theory of gravitation. According to the
existing data, its predictions fit nicely to the most of the tests and the limits of its validity
are likely to emerge only in the extreme situations when one has to account for, e.g. quantum
effects [1, 2, 3, 4]. The quantum theory of matter fields in curved space-time has achieved
many solid results (see e.g. [5, 6, 7], and may be viewed as a source of important applications
in cosmology and black hole physics. Some of these achievements are related to the so-
called conformal anomaly, which is nothing but the quantum violation of the local conformal
symmetry which is imposed at the classical level. In order to illustrate this statement it
is sufficient to mention that this anomaly is related to such relevant phenomenon as the
black hole evaporation (Hawking effect). The anomaly is also related to the derivation of the
effective low-energy effective action of (super)string - the main candidate to be the unified
theory of quantum gravity and other fundamental interactions.
The importance of local conformal symmetry makes natural the idea to include it into
the basic course of GR. However, the standard point of view is that such extension of the
program is difficult because of the shortage of time. In this article we shall suggest a new
possibility that including the conformal transformation into the program may be compatible
with certain saving of time and efforts due to the relevant simplification in the derivation
of Einstein equations for the metrics related to the most fundamental applications of GR
such as cosmological and Schwarzschild solutions. Furthermore, we shall use the conformal
transformation to investigate a problem which goes slightly beyond the standard course of GR,
that is establish the relations between the topological invariants in four and two dimensional
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spaces via the restricted dimensional reduction. It is supposed that this relation will be useful
for those willing to learn more advanced aspects of the gravitational theory.
The paper is organized as follows. In section 2 we shall present a brief review of the main
properties of the curvature tensor (see, e.g. [8, 2, 9] for the introduction). In particular, we
shall prove a simple factorization theorem describing important properties of curvature for
the metric of the special factorized form. In section 3 the list of formulas concerning the
local conformal transformation in the space of an arbitrary dimension is presented. For the
sake of generality we shall include the transformations not only for the curvature tensors but
also for the quadratic invariants built from this tensor and its derivatives. In section 4 the
derivation of the Einstein equations for the cosmological and spherically symmetric metrics is
presented. Section 5 is devoted to establishing the relation between the topological invariants
in dimensions 4, 2 and 3 via the factorization theorem from the section 2 and conformal
transformations. Finally, in the last section we draw our conclusions.
2 Brief review of curvature tensor
Let us start with the properties of the curvature tensor which will be used below. A com-
prehensive introduction can be found in the monographs on GR and Differential Geometry
[8, 2, 4, 3, 9].
The action of covariant derivative on the tensor T µ1µ2...µk ν1ν2...νl is defined by the relation
∇αT µ1µ2... ν1ν2... = ∂αT µ1µ2... ν1ν2... + Γµ1λαT λµ2... ν1ν2... + Γµ2λαT µ1λ...µk ν1ν2...νl + ...
− Γλν1αT µ1µ2...µk λν2...νl − Γλν2αT µ1µ2...µk ν1λ...νl − ... , (1)
providing tensor transformation rule under the general coordinate transformations. The co-
efficients Γλαβ are defined according to
Γλµν =
1
2
gλτ (∂µgτν + ∂νgτµ − ∂τgµν) , (2)
such that the covariant derivative ∇α satisfies the metricity condition ∇αgµν = 0 and also
is torsionless Γλµν = Γ
λ
νµ.
Consider the commutator of the two covariant derivatives over the vector T α. By direct
calculations we find
[∇µ , ∇ν ] T α = ∇µ∇ν T α −∇ν∇µ T α = −T λ · Rα·λ νµ , (3)
where
Rα
·λνµ = ∂νΓ
α
λµ − ∂µΓαλν + Γτλµ Γατν − Γτλν Γατµ (4)
is called (Riemann) curvature tensor.
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The relevance of the Riemann tensor is due to its universality. One can easily show that
the commutator of the two covariant derivatives acting on any tensor is a linear combination
of the curvature tensors, e.g.
[∇µ , ∇ν ] W αβ = Rλ· βνµW αλ − Rα·λνµW λβ . (5)
The curvature tensor has following algebraic symmetries, which can be better seen on the
completely covariant version Rαβµν = gαγ R
γ
·βµν :
Rαβµν = −Rαβνµ = Rβανµ = Rµναβ , (6)
where symmetry between the pairs of the indices supplements the antisymmetry in the indices
of each pair, and
Rαβµν +Rανβµ +Rαµνβ = 0 . (7)
It proves useful to define the Ricci tensor as the contraction of the Riemann curvature
Rµα = R
β
·αβµ = g
νβ Rναβµ . (8)
The Ricci tensor is symmetric Rµν = Rνµ. Further contraction produces the scalar curvature
R = Rαα .
The algebraic properties of the Riemann, Ricci tensors and of the scalar curvature are the
same in the Riemann or pseudo-Riemann spaces of any dimension. However, in the spaces of
lower dimensions the curvature tensors are more restricted than in the general D-dimensional
case. The extreme case is the D = 1 space, where all curvatures vanish identically.
In order to understand the possible role of D better, one has to calculate the number of
independent components of the tensors Rµναβ and Rµν . Due to the algebraic symmetries
(6), the curvature tensor with 3 equal indices vanish. Therefore, we have only three possible
situations:
1). Two couples of equal indices, that is the construction like R0101. The combinatorial
calculus tells us that the number of distinct combinations of this type in a D-dimensional
space is n1 = C
2
D =
D(D−1)
2
.
2). One couple of equal indices plus two distinct indices, that is the construction like R0102.
The number of distinct combinations here is n2 = DC
2
D−1 =
D(D−1)(D−2)
2
.
3). Four distinct indices, that is the construction like R0123. In this case we have
n3 =
2D(D − 1)(D − 2)(D − 3)
4!
.
Summing up the three expressions, we obtain the number of independent components of
the Riemann tensor in D-dimensional space.
ND = n1 + n2 + n3 =
D2(D2 − 1)
12
. (9)
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Now we are in a position to consider the particular cases of lower dimensions. Let us start
from the D = 2 case, where only the option 1) takes place. N2 = 1 and we see that the
number of independent components of the Riemann tensor equals to the one of the scalar
curvature. Since both of them are linear combinations of the partial derivatives of the metric,
they must be proportional. Taking the algebraic symmetries into account, we obtain
Rµναβ = t R (gµα gνβ − gµβ gνα) ,
where t is an unknown coefficient. Making a contraction, we arrive at
Rµα = t R gνβ and R = 2 t R . (10)
Hence t = 1/2 and we obtain well-known relations
Rµναβ =
1
2
R (gµα gνβ − gµβ gνα) , Rµα = 1
2
Rgνβ . (11)
For D = 3 space we have, according to (9), six independent components of both Riemann
and Ricci tensors. The Riemann tensor is a linear combination of the scalar curvature and
the Ricci tensor Rµν . Taking into account the algebraic symmetries and making contractions
we obtain the relation which always holds for D = 3 but not necessary for D ≥ 3
Rµναβ = (Rµα gνβ −Rµβ gνα +Rνβgµα − Rναgµβ)− 1
2
R (gµαgνβ − gµβgνα) . (12)
Obviously, the relation (12) means that there is some part of the Riemann tensor which
automatically vanish in D = 3 but may be non-zero for D > 3. The corresponding object is
called Weyl tensor and is defined as follows
Cµναβ = Rµναβ − 1
D − 2 (Rµα gνβ − Rµβ gνα +Rνβ gµα − Rνα gµβ)
+
1
(D − 1)(D − 2) R (gµα gνβ − gµα gνβ) . (13)
The Weyl tensor has, by construction, the same algebraic symmetries as the Riemann tensor
and also two additional properties
gµαCµναβ(D) = 0 , Cµναβ(D = 3) ≡ 0 . (14)
Another important feature of the Weyl tensor will be discussed in the next section.
The last sort of curvature which we have to define is called Einstein tensor
Gµν = Rµν − 1
2
Rgµν . (15)
The Einstein tensor is constructed, exactly as Riemann, Ricci, Weyl tensors and scalar
curvature, from the metric and its derivatives. All these tensors are homogeneous functions
of the second order in the derivatives. The importance of the Einstein tensor is due to the
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fact that the Einstein equations, which define the gravitational fields in General Relativity,
have the form
Gµν = 8piGTµν , (16)
where G is the Newton constant and Tµν is a source term which is called Energy-Momentum
Tensor (or stress tensor). In the next sections we shall develop the efficient method to calculate
the Einstein tensor and, if necessary, also Riemann, Ricci and Weyl tensors, for the particular
metrics of special physical interest.
The metric which provides Rµναβ = 0 are necessary flat. However, there are situations
when Rµναβ 6= 0, but some of the reduced versions of curvature vanish. One can distinguish
Ricci flat or Weyl flat metrics, which are not flat in the proper sense but provide the vanishing
Ricci or Weyl tensors, correspondingly. As we already know, any D = 3 space is Weyl flat,
for example.
In many problems of GR we do not need an arbitrary metric but instead just a particular
form with a smaller number of independent components than the general one. Sometimes it
is possible to reduce the derivation of the curvature tensors for these particular metrics to
the one in a lower dimensional case. Let us now formulate the theorem about the factorized
metrics which will prove very useful in what follows.
Theorem. Consider the D -dimensional Riemann or pseudo-Riemann manifold with the
coordinates xµ = (xa, xi), where a, b, c, ... = 1, 2, ..., n and i, j, k, ... = n+1, n+2, ..., D. Let
us assume that the metric is factorized
gµν =
∥∥∥∥∥∥
gab(x
a) 0
0 gij(x
i)
∥∥∥∥∥∥ . (17)
For this metric the elements with the mixed indices gai are zero, and only the blocks with
gab and gij do not vanish. Moreover, the metric elements in each block depend only on their
“own” coordinates gab = gab(x
a) and gij = gij(x
i). The statement is that, for the metric (17),
the Riemann tensor is also factorized. This means that all its components with the mixed
indices do vanish.
Proof. First of all, it clear that the inverse metric will also have the factorized block
structure
gµν =
∥∥∥∥∥∥
gab(xa) 0
0 gij(xi)
∥∥∥∥∥∥ . (18)
Consider the Christoffel symbol with the mixed indices, e.g.
Γaib = g
ac (∂igbc + ∂bgic − ∂cgib) . (19)
Taking into account the relations gic = 0 and ∂igbc = 0, we obtain Γ
a
ib = 0. In the same way
one can prove that other mixed components vanish
Γijb = Γ
i
ab = Γ
a
ij = 0 . (20)
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Thus, only the “pure” components of the Christoffel symbol Γabc(x
a) and Γkij(x
i) can be
non-zero.
Let us now consider the Riemann tensor with the mixed components. According to the
formula (4) it is zero because i) the “mixed” derivatives (e.g. ∂iΓ
a
bc) equal zero; ii) the
ΓΓ-type terms with the mixed indices can not be constructed from the Γ-symbols with the
“pure” indices.
The last observation is that one can easily extend the factorization theorem for the case
of Ricci tensor. The scalar curvature is given by the sum R(gµν) = R(gab) +R(gij) and the
form of factorization of the Weyl tensor can be easily obtained from its definition (13).
3 Local conformal transformations
Many properties of the physically interesting metrics become more apparent and easier to
prove if we use the so called local conformal transformation
gµν(x) = g¯µν(x) e
2σ(x) . (21)
(21) is not the coordinate transformation, it can be seen as an alternative form of parametriz-
ing the metric via the new variables g¯µν(x) and σ(x). Our purpose in this section will be to
derive the relevant quantities like curvatures in this new parametrization. Since some of the
formulas below are bulky, we shall use the condensed notations (∇σ)2 = gµν∇µσ∇νσ and
(∇2σ) = gµν∇µ∇νσ.
The transformation laws for the inverse metric and for the metric determinant have the
form
gµν = g¯µν e−2σ , g = g¯ e2Dσ . (22)
For the Christoffel symbols we have
Γλαβ = Γ¯
λ
αβ + δΓ
λ
αβ , δΓ
λ
αβ = δ
λ
α ∇¯βσ + δλβ ∇¯ασ − g¯αβ ∇¯λσ , (23)
where (∇¯ασ) = ∂ασ. Here and below all quantities with bars (e.g. ∇¯α or R¯αβ correspond to
the metric g¯µν . Let us remark that the quantity δΓ
λ
αβ is a tensor, while Γ
λ
αβ and Γ¯
λ
αβ are not.
In order to derive the transformation for the Riemann tensor one can start from the simple
relation
Rα
· βµν = R¯
α
· βµν + ∇¯µδΓαβν − ∇¯νδΓαβµ + δΓτβν δΓατµ − δΓτβµ δΓατν . (24)
Starting from (21), after some algebra we obtain
Rα
·βµν = R¯
α
·βµν + δ
α
ν (∇¯µ∇¯βσ)− δαµ (∇¯ν∇¯βσ) + g¯µβ(∇¯ν∇¯ασ)
− g¯νβ(∇¯µ∇¯ασ) + δαν g¯µβ(∇¯σ)2 − δαµ g¯νβ(∇¯σ)2 + δαµ (∇¯νσ)(∇¯βσ)
− δαν (∇¯µσ)(∇¯βσ) + g¯νβ(∇¯µσ)(∇¯ασ)− g¯µβ(∇¯νσ)(∇¯ασ) (25)
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and furthermore
Rµν = R¯µν − g¯µν(∇¯2σ) + (D − 2)
[
(∇¯µσ)(∇¯νσ)− (∇¯µ∇¯νσ)− g¯µν(∇¯σ)2
]
(26)
and
R = e−2σ
[
R¯− 2(D − 1)(∇¯2σ)− (D − 1)(D − 2)(∇¯σ)2
]
. (27)
It is easy to see, using (25), (26) and (27), that the Weyl tensor (13) transforms in a most
simple possible way
Cα
· βµν = C¯
α
· βµν , i.e. Cαβµν = e
2σ C¯αβµν . (28)
Consider the transformation of the quadratic contractions of the curvature tensors
√−g R2µναβ =
√−g¯ RµναβRµναβ =
√−g¯ e(D−4)σ
{
R¯2µναβ
+ 2(D − 2)
[
2(∇¯µ∇¯νσ)2 − 4(∇¯µ∇¯νσ)(∇¯µσ)(∇¯νσ)
+ 4(∇¯2σ)(∇¯σ)2 + (D − 1)(∇¯σ)4
]
+ 8R¯µν(∇¯µσ∇¯νσ − ∇¯µ∇¯νσ)− 4R¯(∇¯σ)2 + 4(∇¯2σ)2
}
, (29)
where we multiplied the expression by
√−g for convenience.
√−g R2µν =
√−g¯ e(D−4)σ
{
R¯2µν − 2R¯(∇2σ) + (3D − 4)(∇¯2σ)2
+ (D − 2)
[
2R¯µν(∇¯µσ∇¯νσ − ∇¯µ∇¯νσ)− 2R¯(∇¯σ)2
+ (D − 1)(D − 2)(∇¯σ)4 − 2(D − 2)(∇¯µ∇¯νσ)(∇¯µσ)(∇¯νσ)
+ (D − 2)(∇¯µ∇¯νσ)2 + 2(2D − 3)(∇¯2σ)(∇¯σ)2
] }
(30)
and
√−g R2 = √−g e(D−4)σ
[
R¯− 2(D − 1)(∇¯σ)− (D − 1)(D − 2)(∇¯σ)2
]2
. (31)
For the square of the Weyl tensor the transformation is very simple
√−g C2µναβ =
√−g¯ e(D−4)σ C¯2µναβ . (32)
Another important combination of the quadratic in curvature invariants is
E = RµναβR
µναβ − 4RαβRαβ +R2 . (33)
In D = 4 it is the integrand of the Gauss-Bonnet topological term (or Euler characteristic,
see, e.g. [9])
∫
d4x
√−g E . (34)
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But, even for the D 6= 4 the expression does not contribute to the propagator of gravitons
(traceless and completely transverse modes of the metric perturbations on the flat back-
ground). For this reason this term plays very special role in string theory [10]. The conformal
transformation of the Gauss-Bonnet integrand is
√−gE = √−g¯e(D−4)σ
[
E¯ + 8(D − 3)R¯µν(∇¯µσ∇¯νσ − ∇¯µ∇¯νσ)
− 2(D − 3)(D − 4)R¯(∇¯σ)2 + 4(D − 2)(D − 3)2(∇¯2σ)(∇¯σ)2
− 4(D − 2)(D − 3)(∇¯µ∇¯νσ)2 + 4(D − 2)(D − 3)(∇¯2σ)2
+ 8(D − 2)(D − 3)(∇¯µσ∇¯νσ)(∇¯µ∇¯νσ)− 4(D − 3)R(∇¯2σ)
+ (D − 1)(D − 2)(D − 3)(D − 4)(∇¯σ)4
]
. (35)
The last remaining invariant is the surface term, which has the following transformation
rule:
√−g (∇2R) = √−g¯ e(D−4)σ
[
∇¯2R¯− 2(D − 4)R(∇¯σ)2 − 2R∇¯2σ
− 2(D − 1)(D − 6)(∇¯µσ)(∇¯µ∇2σ) + (D − 6)(∇¯µσ)(∇¯µR¯)
+ 2(D − 1)(D − 2)(D − 4)(∇¯σ)4 + 2(D − 1)(3D − 10)(∇2σ)(∇¯σ)2
− 2(D − 1)(∇¯4σ)− (D − 1)(D − 2)(n− 6)(∇¯µσ)∇¯µ(∇¯σ)2
+ 4(D − 1)(∇2σ)2 − (D − 1)(D − 2)∇2(∇¯σ)2
]
. (36)
In deriving the last expression we used the transformation of the operator ∇2 acting on
scalars
∇2 = e−2σ [ ∇¯2 + (D − 2)(∇¯µσ)∇¯µ ] .
It is remarkable that in D = 4 the following simple relation takes place
√−g
(
E − 2
3
∇2R
)
=
√−g
(
E¯ − 2
3
∇¯2R¯ + 4∆¯4σ
)
, (37)
where ∆4 is the fourth order Hermitian conformal invariant operator acting on conformally
invariant scalar field [11, 12]
∆4 = ∇4 + 2Rµν∇µ∇ν − 2
3
R∇2 + 1
3
(∇µR)∇µ . (38)
In section 4 we shall see that the formula (37) is useful in understanding the relation
between the topological terms in D = 4 and D = 2.
4 Practical use of conformal transformation
Let us consider the practical application of the D-dimensional conformal transformations
derived in the previous section. We shall also use the factorization theorem of section 2.
8
4.1 Derivation of Einstein equations for the FRW metric
Consider the derivation of the Einstein tensor for the Friedmann-Robertson-Walker (FRW)
metric in terms of the conformal time η
ds2 = gµν dx
µ dxν = a2(η)
(
dη2 − dl2
)
, (39)
where (see, e.g. [2])
dl2 =
dr2
1− kr2 + r
2dθ2 + r2 sin2 θdϕ2 , (40)
where k = 0, ±1. In order to fit with our notations in section 3 we denote
a(η) = eσ(η) , gµν = g¯µν e
2σ . (41)
It is easy to see that the new metric
g¯µν = diag
(
1, − 1
1 − kr2 , −r
2, −r2 sin2 θ
)
(42)
is factorized and therefore satisfies the conditions of the factorization theorem. One of the
consequences is that the FRW metric is Weyl flat. This becomes clear if we remember the
transformation rule for the Weyl tensor (28) and also that Cα βµν = 0 in D = 3 dimensions
(see also [13]).
The relation between Rµν and R¯µν is given by Eq. (26) and the relation between R and
R¯ by eq. (27). In both cases one has to set D = 4. Consider, as an example, R00. Using (26)
we arrive at
R00 = R¯00 − 3σ′′ ,
where the prime indicates the derivative with respect to η. Furthermore R¯00 = 0, because it
is a Ricci tensor of a one-dimensional metric (remember factorization theorem). Therefore
R00 = −3σ′′ = − 3
a2
(
aa′′ − a′2
)
. (43)
Further calculations involve R¯ij , where i, j = 1, 2, 3. R¯i0 = 0 automatically. So, in fact
we reduced the D = 4 calculations to the simpler D = 3 ones. The components of R¯ij
can be easily calculated directly (this is technically simpler) or through another conformal
transformation in D = 3
g¯ij = diag
(
− 1
1− kr2 , −r
2, −r2 sin2 θ
)
= γij e
2ρ(r) , ρ(r) = ln r. (44)
It is easy to see that the new metric is again factorized and the calculation can be performed
in a metric which is a product of the one-dimensional metric γ11 and the two-dimensional
9
metric diag (γ22, γ33). Let us present only a final result R¯ij = −2k g¯ij . After performing
contraction, we obtain R¯ = −6k. Now we are in a position to derive
Ri0 = 0 and Rij = − g¯ij
(
2k + σ′′ + 2σ′
2
)
. (45)
Then, after applying Eq. (27) with D = 4 we arrive at
R = − 6 e−2σ
(
k + σ′′ + σ′
2
)
= − 6
(
k
a2
+
a′′
a3
)
. (46)
Finally, the result for the Einstein tensor has the form
Gηη = Rηη − 1
2
Rgηη = 3k + 3
(
a′
a
)2
,
Gη i = 0 ,
Gij = δ
j
i
(
k
a2
+
2a′′
a3
− a
′2
a4
)
. (47)
The transition to the physical time t can be easily performed through the tensor transforma-
tion rule and the standard relation between the two time units dt = a(η)dη
Gtt = Gtt =
(
dη
dt
)2
Gηη =
3(a˙2 + k)
a2
.
Gij = δ
j
i
(
k
a2
+
2a¨
a
+
a˙2
a2
)
. (48)
Using the expressions (48) one can easily write down the standard form of the Friedmann
equations
a˙2 + k
a2
=
8piGρ
3
,
2a¨
a
+
a˙2
a2
+
k
a2
= −8 piGP , (49)
where P and ρ are pressure and energy density of the ideal fluid filling the Universe. These
two quantities are related by the equation of state specific for the given type of fluid (matter,
radiation, vacuum energy etc). From our point of view, the method of deriving the Friedmann
equations presented above is simpler than the standard one. Of course, this is true only if one
has calculated the conformal transformations for the Ricci tensor and scalar curvature first,
but these calculations are not involved.
4.2 Derivation for the Schwarzschild metric
The Schwarzschild metric is another important particular example of the metrics used in
GR. It is characterized by spherical symmetry and therefore applies to the description of
the gravitational field in the exterior of numerous objects like starts at the different stages of
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their evolution. The extreme example is the point-like spherically symmetric mass distribution
which corresponds to the black hole solution of GR. The formation and properties of the black
holes is extremely interesting subject (see, e.g. the comprehensive monograph [14]). For this
reason, and also due to its relative simplicity, the Schwarzschild solution is compulsory element
of any course of GR. The consideration of this solution always starts with the derivation of
Einstein equations for the corresponding metric
ds2 = gµνdx
µdxν = eν(r,t)dt2 − eλ(r,t)dr2 − r2dΩ , (50)
where dΩ = sin2 θdϕ2 + dθ2 .
The purpose of this section is the perform this calculation in a more economic way using the
local conformal transformation described in section 3. But, due to the relative simplicity of
this way of calculations, we will be able to consider a little bit more complicated metric
ds2 = gµνdx
µdxν = eν(r,t)dt2 − eλ(r,t)dr2 − e2Φ(r,t)dΩ , (51)
where Φ(r, t) is an arbitrary scalar function. Let us notice that the more general metric (51)
is widely used in the black hole physics (see, e.g. [14]), in particular because it has some
advantages in the theories with vacuum quantum corrections to the Einstein GR [15]. The
particular case (50) may be always achieved by replacing Φ(r, t) = ln r into the correspond-
ing expressions.
Our strategy in calculating the Einstein equations for the metric (51) will be the following.
The first step is the conformal transformation
gµν = g¯µν e
2Φ . (52)
The new metric g¯µν is diagonal and factorized
g¯ab = diag (g¯00, g¯11) , g¯ij = diag (g¯22, g¯33) ,
where
g¯00 = e
A , g¯11 = −eB , g¯22 = −1 , g¯22 = − sin2 θ , (53)
and
A = A(r, t) = ν(r, t)− 2Φ(r, t) , B = B(r, t) = λ(r, t)− 2Φ(r, t) . (54)
The relations between the two Ricci tensors and the two scalar curvatures are given by the
particular form of (26)
Rµν = R¯µν − g¯µν(∇¯2σ) + 2(∇¯µσ)(∇¯νσ)− 2(∇¯µ∇¯νσ)− 2g¯µν(∇¯σ)2 ,
R = e−2σ
[
R¯− 6(∇¯2σ)− 6(∇¯σ)2
]
. (55)
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According to the factorization theorem of section 2, all components of the curvature tensor
with the mixed indices vanish and we need to calculate only the curvature tensors and other
quantities which emerge in (55) for the two-dimensional metrics in (53). For the curvatures
we have
Kabcd =
1
2
K (g¯ac g¯bd − g¯ad g¯bc) , a, b, ... = t, r , (56)
where Kabcd is the Riemann tensor for the metric g¯ab and
kijkl =
1
2
k (g¯ik g¯jl − g¯il g¯jk) , i, j, ... = θ, ϕ , (57)
where k is nothing but the scalar curvature of the D = 2 sphere k = −2, the negative sign
appears due to the negative sign of the metric components in (53).
For the metric g¯ab we obtain, by direct calculation
Γ¯ttt =
A˙
2
, Γ¯rtt =
A′
2
eA−B , Γ¯trt =
A′
2
Γ¯rtr =
B˙
2
, Γ¯trr =
B˙
2
eB−A , Γ¯rrr =
B′
2
, (58)
where the dot stands for d/dt and the prime for the d/dr. After a small algebra we obtain
K =
1
2
e−A (A˙B˙ − 2B¨ − B˙2) + 1
2
e−B (2A′′ − A′B′ + A′2) , (59)
and check that Ktt =
K
2
eA and Krr = −K2 eB according to (56). Furthermore
∇¯t∇¯tΦ = Φ¨− 1
2
A˙Φ˙− 1
2
A′Φ′ eA−B ,
∇¯r∇¯rΦ = Φ′′ − 1
2
B′Φ′ − 1
2
B˙Φ˙ eB−A ,
∇¯t∇¯rΦ = Φ˙′ − 1
2
A′Φ˙− 1
2
B˙Φ′ . (60)
and
(
∇¯Φ
)2
= e−A Φ˙2 − e−B Φ′2 ,
∇¯2Φ = e−A
(
Φ¨− 1
2
A˙Φ˙ +
1
2
B˙Φ˙
)
+ e−B
(1
2
B′Φ′ − 1
2
A′Φ′ − Φ′′
)
. (61)
Now we are in a position to calculate R and Rµν . Using the second equation (55), relation
R¯ = K + 2 and formulas (61), we arrive at
R = −2e−2Φ + e−ν
[
(ν˙ − λ˙)
(
2Φ˙ +
λ˙
2
)
− λ¨− 4Φ¨− 6Φ˙2
]
+ e−λ
[
ν ′′ +
(
2Φ′ +
ν ′
2
)
(ν ′ − λ′) + 4Φ′′ + 6Φ′ 2
]
. (62)
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Similarly, using the first equation (55) we obtain the components of the Ricci tensor and
finally of the Einstein tensor. For example,
Rθθ = −2e−2Φ + e−ν
[
Φ˙
( ν˙
2
− λ˙
2
− 2Φ˙
)
− Φ¨
]
+ e−λ
[
Φ′′ + Φ′
(ν ′
2
− λ
′
2
+ 2Φ′
)]
(63)
leads to
Gθθ = R
θ
θ −
1
2
R δθθ = e
−ν
[
Φ¨ + λ¨+ Φ˙2 +
Φ˙ (λ˙− ν˙)
2
+
λ˙ (λ˙− ν˙ + 2Φ˙)
4
]
+ e−λ
[Φ′ (λ′ − ν ′)
2
− Φ′′ − Φ′2 − ν
′′
2
+
ν ′ (λ′ − ν ′)
4
]
. (64)
In the special case Φ = ln r (64) boils down into
Gθθ = e
−ν
( λ˙2
4
− ν˙λ˙
4
+
λ¨
2
)
+ e−λ
(ν ′λ′
4
− ν
′ 2
4
− ν
′′
2
+
λ′ − ν ′
r
)
, (65)
in a perfect fit with the well-known result [1].
In a similar way, using (55) and (60) we obtain
Grt = g
rrGtr = g
rrRtr − 1
2
δrt R = g
rrRtr
= 2e−λ
(
Φ˙′ − ν
′Φ˙
2
− λ˙Φ
′
2
+ Φ′Φ˙
)
, (66)
Grr = g
rrRrr − 1
2
δrr R = −e−λRrr −
1
2
R
= e−2ϕ − e−λ
(
ν ′Φ′ + Φ′ 2
)
+ e−ν
(
2Φ¨ + 3Φ˙2 − ν˙Φ˙
)
, (67)
Gtt = g
ttRtt− 1
2
R
= e−2Φ + e−ν
(
λ˙Φ˙ + Φ˙2) + e−λ [−2Φ′′ + λ′Φ′ − 3Φ′ 2
)
, (68)
In the special case Φ = ln r these expressions become the standard ones [1]
Grt = −e−λλ˙ϕ′ = −
λ˙
r
e−λ ,
Grr = −e−λ
(ν ′
r
+
1
r2
)
+
1
r2
,
Gtt = e
−λ
(λ′
r
− 1
r2
)
+
1
r2
. (69)
Let us remark that if the derivation is performed directly for the usual metric (50), it is tech-
nically very simple and definitely less cumbersome than the standard one without conformal
transformations.
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5 Dimensional reduction of the topological invariant
The purpose of this section is to illustrate the calculational power of the conformal transfor-
mation for the theories beyond the GR. Let us use this transformation for deriving the form
of the D = 4 Gauss-Bonnet topological invariant (34) in the particular metric
gµν =
∥∥∥∥∥∥
gab(x
a) 0
0 e2Φ(x
a)hij(x
i)
∥∥∥∥∥∥ . (70)
Here gab(x
a) and hij(x
i) are both two-dimensional metrics, but hij(x
i) has constant scalar
curvature k while gab(x
a) is arbitrary. Φ(xa) is a scalar field in the two-dimensional space.
The result of this reduced dimensional reduction is supposed to be the topological or surface
term in the two-dimensional space with the metric gab, a, b = 0, 1. Taking into account the
simplicity of the conformal transformation for the combination (37), we shall consider not the
proper Gauss-Bonnet term, but instead its combination with the surface term
Stop =
∫
d4x
√−g
(
E − 2
3
∇2R
)
. (71)
After the conformal transformation gµν = g¯µν · exp(2Φ), according to (37), we obtain
Stop =
∫
d4x
√−g¯
(
E¯ − 2
3
∇¯2R¯ + 4∆¯4Φ
)
. (72)
Since the metric g¯µν is factorized
g¯µν =
∥∥∥∥∥∥
gab(x
a) 0
0 hij(x
i)
∥∥∥∥∥∥ , (73)
we need to calculate the complicated curvature-squared expressions only for the two-dimensional
metrics gab(x
a) and hij. The quantities based on the metric of the two-dimensional sphere
hij are very simple due to Eq. (11), and the whole problem can be resolved immediately. Let
us denote the curvature tensor corresponding to the metric gab by Kabcd and the curvature
tensor corresponding to the metric g¯ab by K¯abcd. Indeed, as always in D = 2, we have (11),
that is
K¯abcd = 1
2
K¯ (g¯acg¯bd − g¯adg¯bc) , K¯ab = 1
2
K¯ g¯ab
Kabcd = 1
2
K (gacgbd − gadgbc) , Kab = 1
2
K gab . (74)
Furthermore, in the hij sector the Riemann and Ricci tensors are
kijkl =
1
2
k (hikhjl − hilhjk) , kij = 1
2
k hij .
Let us calculate the elements of the expression (72).
E¯ = K¯abcdK¯abcd − 4K¯abK¯ab + kijklkijkl − 4kijkij +
(
K¯ + k
)2
= 2kK¯ (75)
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The covariant derivatives corresponding to the metrics gab and g¯ab will be denoted by Da
and D¯a correspondingly. When acting on scalar (e.g. Ψ), the transformation rule for the
d′Alembert operator looks like
D2Ψ = e−2ΦD¯2Ψ . (76)
Using (74), (27) and (76) we obtain
∆¯4Φ =
[
D¯4 − 1
3
K¯ D¯2 − 1
3
(
D¯aK¯
)
D¯a
]
Φ
= e2ΦD2
(
e2ΦD2Φ
)
− 1
3
e2Φ
(
K + 2D2Φ
)
e2Φ
(
D2Φ
)
− 1
3
e2ΦDa
[
e2Φ
(
K + 2D2Φ
)]
DaΦ (77)
and
∇¯2R¯ = e2ΦD2
[
e2Φ
(
K + 2D2Φ
)]
. (78)
Finally, for the modified topological term (72) we find
Stop =
∫
d2x
√
−g(xa)
{
2kK + D2
(
8
3
e2ΦD2Φ− 2
3
e2ΦK + 4kΦ
)
− 1
3
Da
[
e2Φ
(
K + 2D2Φ
)
(DaΦ)
]}
. (79)
The first term here is the Einstein-Hilbert action (with the coefficient 2k) which is indeed
topological term in D = 2. Other terms are surface integrals which depend on the boundary
conditions only. Therefore the expression (79) is a kind of a direct relation between the
topological invariants in D = 4 and D = 2.
If we consider similar dimensional reduction to D = 3 space, the topological invariant
does not emerge, and we meet only surface integrals. In order to see this one does not need
to perform calculations. It is enough to look at (72) and remind that the potential source of
the topological terms E¯ vanish in D = 3, because it coincides with the square of the Weyl
term C¯2abcd.
6 Conclusions
We have pedagogically reviewed the local conformal transformations and demonstrated their
utility in relatively easy derivation of various quantities related to the gravitational theory.
In particular, using these transformations and the factorization theorem of section 2 one can
essentially reduce the amount of work needed to obtain the Einstein equations for the FRW
and Schwarzschild metrics. From our point of view, this way of calculation provides certain
advantages compared to the direct one, and can be used in the basic courses of GR.
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Furthermore, we applied the same scheme of calculation to the fourth order terms in
the gravitational action. These terms emerge frequently as quantum corrections to GR, in
particular in the frameworks of semiclassical approach to gravity and in string theory. The
application of conformal transformations made the calculations fairly easy, while the direct
way of deriving the same quantities would require an enormous amount of work. As a result
of this calculus we have obtained a direct relation between the topological invariants in D = 4
and D = 2 spaces. In D = 3 case the same procedure reduces the Gauss-Bonnet term
to the integral of total derivative and there is no relation to the corresponding topological
(Chern-Simons) action.
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